We derive a simple calculation rule for Aoyama-Tamra's prescription for path integral with degenerated potential minima. Non-perturbative corrections due to the restricted functional space (fundamental region) can systematically be computed with this rule. It becomes manifest that the prescription might give Borel summable series for finite temperature (or volume) system with quantum tunneling, while the advantage is lost at zero temperature (or infinite volume) limit. 
In quantum mechanics a perturbative expansion of the partition function (or of Green functions, of energy levels) around a degenerated potential minimum is known to be non-Borel summable, due to quantum tunneling [1] . This is also true for scalar field theories in finite volume and non-Abelian gauge field theories. For such a system, therefore it is a fundamental problem how to relate the true value and the information of perturbation series.
Concerning this problem, Aoyama, and Aoyama and Tamra [2] proposed a prescription for path integral with a degenerated potential. Their observation is following: Take an integral
We see lim g→0 z(g) = 1 since the integrand has two Gaussian peaks located at φ = 0 and φ = 1/g in the weak coupling limit. The standard perturbation series around φ = 0, on the other hand, gives
We realize the series is not even an asymptotic expansion in the sense that lim g→0 |z(g)− z(g) pert. | = 1/2 (where a termination of the series is undestood). Also lim g→0 z(g) = 2z(0), thus z(g) has a discontinuity at g = 0. The authors of [2] identified this discontinuity at g = 0 as the origin of the non-Borel summability of series expansion.
To remedy this point they proposed to define the integral instead by
For g real positive, Z(g) = z(g), but Z(0) = 2z(0) thus Z(g) (as a function of real non-negative g) is continuous at g = 0 in contrast to z(g). Though Z(g) differs from the original z(g) at g = 0, if (3) gives Borel summable series it is a great progress as we are interested in z(g) with g real positive.
The prescription [2] can be summarized as follows: Divide the integration region (or functional space) appropriately according to the symmetry of the potential (φ ↔ 1/g − φ in the above example). Then multiply the number of the degeneracy (2 in the above example). The prescription can readily be generalized to quantum mechanics and field theories (see below).
However at first glance it is not obvious how to systematically approximate the prescription (3), or the quantum mechanical analogue, since the integration range is restricted by a non-trivial way. The building block of the perturbative expansion ⋆ is not the standard Gaussian integral. Without an explicit method for computation, calling a numerical evaluation, the proposal [2] might not practical.
If we are interested only in the above integral, of course it is a simple matter to evaluate it perturbatively. Following the standard procedure and completing the square, we have
where Z 0 = 1/2, ∆ = 1,j = j and we have defined
with c = 1. We note
and the nth derivative,
We see C (n) (0) is proportional to exp[−c/(8g 2 )] reflecting its non-perturbative ⋆ By the perturbative expansion we mean an expansion with respect to g in the exponential of the integrand in (3), while g in the limit of the integration region is kept fixed. The expansion coefficients of the series therefore depend on g.
nature. This is also true for C(0)−1. The formula (5) may be used for a systematic analytic evaluation and the lower order terms read
Note that terms odd in g survive in this expansion. The expansion is asymptotically equal to 1 + 6g 2 + · · · at g ∼ 0, as is expected, and differs from the standard perturbative series (2) (normalized by hand [2] ) only by non-perturbative amounts. The non-perturbative correction is expected to improve the nature of the perturbative series and in fact, the large order behavior of the expansion (
for n ≫ 1/g 2 , thus is Borel summable.
The prescription can naturally be extended to higher dimensional cases. For quantum mechanics with a double well potential, V (φ) = φ 2 (1 − gφ) 2 /2, the pre-
where 
In what follows we will show that the partition function Z(g) defined by (10) is given exactly the same formula as (4) with the following substitutions:
(Some abbreviations in (4) are understood; the derivative with respect to j is replaced by a functional derivative with j(τ ), the product j∆j implies double integral over τ .) Therefore we have a systematic computational rule also for the quantum mechanical case.
Since
‡ It is possible [3] to generalize the constraint asφ = dτ φw/β, introducing a weight function w(τ ), dτ w/β = 1. Our result is accordingly modified asj = dτ dτ ′ w∆j/β and c = β/a, where a = dτ dτ ′ w∆w/β. Since a < dτ w 2 /β, we have the same conclusion on β → ∞ limit when the squared integral of the weight function is bounded by β.
it is sufficient to consider
We first note
By using
we obtain
Finally we use
and
Convining (19), (20) and (21) and (14), we see the above statement: the partition function Z(g) is given by (4) with the simple substitution (13).
Clearly the same formula with trivial modifications also holds for a (Eucledian) scalar field theory with the double well potential in finite volume (especially β is replaced by the volume). As is discussed in [2] , the prescription gives Borel summable series even for quantum mechanical models and the above rule might be used as a systematic computation method.
However from the above demonstration, it becomes obvious the advantage of the prescription is lost for β → ∞ (or infinite volume limit) ⋆ . Namely in the formulas (6) and (7), we have c → ∞ in such a limit. All the non-perturbative corrections therefore vanish and the series exactly reduces to the standard perturbation series, for which we know the non-Borel summability.
In conclusion the prescription proposed by [2] can systematically be treated by an analytical method and may be used as an improved perturbation scheme for finite volume system (considerations on the renormalizability and the unitarity might be interesting). The advantage however is lost for infinite volume limit. The situation is quite similar to the delta expansion [5] directly applied to the partition function.
The author thanks K. Konishi for a careful reading of the manuscript and imforming similar results are found in [3] .
⋆ This fact is already briefly mentioned in [2] and also expected from another view point: The constraint for the fundamental regionφ < 1/(2g) cannot "kill" the instanton-anti-instanton (I-Ī) configulation when β → ∞. The perturbative series around I-Ī is known to be nonBorel summable and the imaginary part of the Borel sum should be cancelled by the one of the perturbation series around trivial vacuum [4] . The prescription therefore cannot give a Borel summable series. The author thanks K. Konishi for explaining this point.
